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This paper investigates to what extent, the Milliken pa~-tition theorem for finitistic trees is a 
density result. 

1. Introduct ion 

in recent years several results appeared showing that certain partition (Ram- 
sey-type) theorems are rather density phenomena than merely partition theorems. Let 
us mention e.g. Szemer6di's result on arithmetic progressions [8], Ftirstenberg's 
and Katznelson's generalization of it [3], the geometric density theorem of Brown and 
Buhler [1] and R6dl's result on points in power-set lattices [6] (generalizing former 
results of  Erd6s and Kleitman [2] and Sperner [7]). Of  course not every partition theo- 
rem admits a density version, e.g. Turfin's extremal theorem on triangle free graphs 
shows that all nontrivial cases of  Ramsey's  theorem have no generalization to a den- 
sity result. 

In this note we investigate to what extent density results for finitistic trees may 
be obtained. Surprisingly it turns out that although the general case is not a density 
phenomenon, certain special cases can be obtained as density results. 

2. Resul t s  

A tree is a partially ordered set (7", ~ )  such that for every element x 6 T  the 
set {),'6 Tly <x} of predecessors o f x  is totally ordered. The cardinality I{yE Tly<x}t 
is called the rank of  x, for nonnegative integers k we denote by T(k) the kth level of  T, 
i.e. T (k )=  {x~T I rank (x)=k}.  A finitistic tree is a tree with a least element, which 
is called the root of  T, such that all elements have finite rank and such that each level 
is a finite set. Obviously for each element x in a finitistic tree the set o f  immediate 
successors is a finite set, the cardinality of this set is called the degree o fx .  A finitistic 
tree is regular if all elements have the same degree. 
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A subset if'c= T is a strongly embedded subtree (with respect to the order in- 
duced from T) iff 

(1) all infima in ]', resp. in T coincide, i.e. inff (x, y) = infr (x, y) lbr all x, yE iP, 
viz. _¢ is infimum preserving, 

(2) all degrees in ~, resp. in Tcoincide, i.e. d e g ¢ ( x ) = d e g T ( x )  for every x ~ ,  
viz. T is degree preserving, 

(3) T is level preserving, i.e. rank1, (x )=rankf  (y) iff rankr (x)=rankr  (y) 
for all x, 3"( 7". 

Condition 3 implies that for each strongty embedded subtree Tof  T there can be de- 
fined a strictly ascending mapping f :  e)~co, viz. the level-assignment function, by 
letting f ( k ) = l  iff r a n k r ( x ) = l  for every . r (T with rank~,(x)=k, 

As usual, co (the first infinite ordinal) denotes the set of all nomaegative inte- 
gers. For infinite subsets A ~co we denote by [A] ~' the set of all infinite subsets of A. 
Now the simplest case of the Laver--Pincus--Milliken version of the Halpern-- 
Lfiuchli partition theorem says' 

Theorem 2.1, ([4], [5]) Let  T be a finitistic tree and let r be a positive integer. Then for  
every coloring A" T ~ r  there exists a strongly embedded subtree T ~  T such that the 
restriction A]]" is a constant coloring. 

Here we prove a density version of this result for regular finitistic trees and 
show that in some sense this is best possible. 

Definition 2.2. Let T be a finitistic tree. A subset SO= T has positive upper density iff 

[T(k)(]S] 
lira sup > 0. 

~-= [T(k)l 

Particularly for totally ordered trees (i.e. T=co) positive upper density simply means 
that S is infinite, thus this notion of positive upper density is considerably weaker than 
requiring e.g. 

T(k)nsl 
lim,,_~sup I t  T(k)[ > 0. 

Theorem 2.3. Let  T be a reg,dar finiti.¢tic tree and let S c _ T be a set o f  positive upper 
&,nsitv. Then there exists a strongly embedded subtree-~c= T which ix contained in 
S, i.e. ~ c S .  

The following counterexamples show that in a sense regularity is a necessary 
condition for theorem 2.3: 

Theorem 2.4. Le t  e>O be a real number. Then there exists a finitistic tree T such 
that every element o f  T has degree one or two and there exists a subset Sc= T such 
that 

IT(k) ~ S] 
> 1 - e  for  every k>--O, 

Ir(k)l 
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but there does not exist an)' strongly embedded subtree 7-~= T which is eontained in S, 
i.e. such that f c  S. 

Theorem 2.5. Let e > 0  be a real number. Then there exists a finitistic tree T such 
that T is semi-regular h~ the sense that every two elements of  same rank always have 
Same degree and there exists a subset S ~ T such that 

]T(k)NSI > 1 - 5  Jot ec, err k ~ 0, 
IT(k)l 

but there does not exist any strongly embedded subtree -pc~ T which is contained in S, 
i.e. such that ~ c  S. 

3. Proof of the positive result 

For the remainder of this section let T denote a regular finitistic tree. For 
elements x E T  let l (x )=  { y E T l x ~ y }  be the set of successors of x. Analogously 
l ( X ) = U  {I (x) lx~X } for subsets X ~  T. For any subset S ~  T and nonnegative 
integer n, let S ( n ) = S ~ T ( n ) .  

Lemma 3.1. Let T be a regular finitistic tree, let m < n be nonnegative in tegers and let 
x,) 'E T(m) be elements of  rank m, then ]l(x)2/T(n)l=ll(j ' )N T(n)] = d ..... , where 
d is the common degree o f  the elements in T. 

Proof. Obvious. l 

Lemma 3.2. Let S C~ T be a subset o f  positive upper density. Then there exists an 
~>0 and an infinite subset WE[co] ~' such that 

IS(n)l > ~. d" for every nEW.  

Proof. Obvious from definition 2.2. 

Lemma 3.3. Let m < n  be nonnegative integers and let S(m)C=T(m) such that 

IS(m)l > ed". 
Then 

I I (S(m))  (-1 TOO[ :>c d". 

Proof. Obvious from regularity. | 

Lemma 3.4. Let SC= 7-, WE[co] '~ and let ~,>0. Then there exists a positive integer 
m=m(e ,  W, S)  such that 

Is(,,)\U{1(s(k))i k ",}t 
for  every nEW with m < n .  

Proof. Assume to the contrary that for every m there exists an n6 W such that 

IS (n ) \U{z (g (k ) ) l k  -~ m}l > ed" 

5* 
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Then there exists a strictly increasing sequence m0<ml . . . .  of  positive integers in 
W such that 

[s( , , , ,+l) \U{*(S(k)) lk  =~ '",}1 > +din,+, 

for every i<co. By lemma 3.3. this leads eventually to a contradiction, viz. consider 
any i>(e) -1. | 

Lemma 3.5. Let S ~  T, W{[o~]" and let ~, a > 0  be such that 

Is(,,)l > (e-t-a) , t  ° for every nEW. 

Then there exists a positive integer l>m(& W, S), an element aES(I) and an in- 
.finite set W*C[W] +" ~uch that 

II(a)NS(n)l  > e.d "-t Jot" every nEW*. 

Proof. Let AC=(J {S(k)lk<=m(& W, S)} be a maximal antichain. Then 

[I(A)~S(n)I  = ~ [l(a)Ng(n)l  for ever), n > m ( & W , S )  
a +5 A 

as any two different elements of A are incomparable and T(n)?~ I ( A ) = U { I ( S ( k ) ) N  
NT(n)[k~m(& W, S)} for every n>m(6,  W, S) because A is maximal. 

By the pigeon-hole principle there exists an infinite subset W*~[W]" and 
an element a~. A satisfying the requirements of the lemma. Otherwise it would fol- 
low that 

l i(A)~'~S(n)l ~ ed" 

for infinitely many nE W. contradicting the choice of m(& W, S). | 

Corollary 3.6. Let S c= T be a set of  positive upper density. Then there exigts a strongly 
embedded subtree TC_ T sztch that 
(1) root 7"ES and 

(2) S = S I-] 7P has positive upper den.riO, with respect to ~P, i.e. 

I?(,,) C~ S l 
lim,,+=sup i~(n)l > 0. 

The next lemma provides the tools for constructing strongly embedded subtrees 
recursively" 

Lemma 3.'/. Let SO= T be with root TE S, W{[co] °' and let e>O be guch that 

[S(n)] > e.d" Jbr every nEW. 

Then there exia'ts a nonnegative integer I, an element aE S(I) and an infinite *ubset 
W*~[W] '~ such that 

I I (x)  N S (,+)1 > (~/4) d " - ' - '  

for every n< W* and every xE I(a) (~ T(I + 1) (i.e. for every immediate successor x o f  
a). 

Proof. Assume to the contrary that the assertion is false. We construct recursively 
a sequence (ll, zi, Yi)~<~ of  nonnegative integers li, elements zi< S(li) and infinite 
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subsets Y~E[W] ~ such that 

~ d-(1/_2) 
\ 

II(zkr~s(,,)l > t d - I  J'~ d 

for every i< to  and nEY~. Eventually this leads to a contradiction, viz. consider any 

/ d - ( 1 / 2 )  ) - ' ,  thus proving the lemma. i > - ( l o g e )  log d - i  

Put /~=0, zo=roo t  T and Y0= W. Assume that (l~, zi, Y~) already has been 
constructed. As the assertion of  the lemma is supposed to be false, there exists an 
element x ~ l ( z i ) O T ( l i + l  ) and an infinite subset YE[Y~] °' such that 

II(x)CIS(n) I ~ (el4)d" ,,-1 Jbr el:e, T n~Y. 
Then 

[<1-(!12) lS(z-,)~qsoI)\l(x)l > I'e e l , , - , , -  ~ d,,-,, -~ 
t , t--1 s -4 

- t  ]71 J~t 4td-(l/2)/J 

L , d - - I  e d - ~ -  + - ~  

for every nEY. 
Thus there exists an element zCI(z i )~  T(l i+ 1 ) and an intinite subset Y'E[Y] '° 

such that 

for every nE Y'. Finally by lemma 3.5 there exists an li+~>li, an element z,-+lE 
El(z)(3S( l i+l)  and an infinite subset Y~+I,c[Y']'" such that 

Ist-,.,Or si,,)l (J - ( l /2 ) ) '+ '  b ~,, N i l  - -  11 -t 1 

d -  1 
J'or every n<Yi ,-1- i 
Coroihlry 3.8. Let S C T, I-VE[~] ~ and let ~,>0 be such that IS(.n)l>ed " Jot e~'ery 
n~ W. Then there exists an infinite subset W*E[W] ̀ '> aml for  every IE W ~ there 
exists an element q E S( l )  and an ~l>O such that II(x) ~ S(n)l :>eid; '-l-I .]or every 
nEW* with n > l  and for  ece O, xE l ( z , ) ( - IT ( l+l ) .  

Proof. By corollary 3.6 we can assume that root ]r'~ S. Put Y~,= W, l_j = - 1 and 
~ _ 1  ~-~- ~. 

Assume that for some nonnegative integer i the set Y~E[W] '~, integers l~, 
elements z~ and reals e t > 0  for v < i  have been defined in such a way that 

(1) I~<1~ . . . . .  It_ ~ < rain Y~ 

(2) z~< sOD 

(3) t/(x)CqS(n)[>e~,d"-q, -~ for every .vEl(iq,.)I~iT(/,.+l) and tbr every 
nE {I,,!v <IX < i }  U Y~ . 
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Let [i, zt.CS(li), t~t :>0 and Yi+IC[YI] ~" be according to lemma 3.7 for e~. ,, Y~ 
and S. Oi~viously properties (1), (2) and (3) are satisfied again. Finally W * =  {li'[~:<co} 
has the desired properties. I 

N o w  corollary 3.8 is used in order to construct  a strongly embedded subtree which is 
contained in S recursively. 

Proof of Theorem 2.3. Let SO= T be a set o f  positive upper density. According to 
lemma 3.2 and lemma 3.7 there exists a nonnegative integer l, an element z{S( / ) ,  
an infinite subset W~[~o] ~" and an e > 0  such that 

II(x)l~S(n)] > g d ' ' - t- t  

for every n~ W and every .vg:l(z)~ T(I+ I). The element z will serve as the root  o f  
the strongly embedded subtree ;? that  we are going to construct.  

By induction we can assume that (O {ir(k)]k<m} has been constructed satis- 
fying the following additional properties:  Say that T ( m - l ) = { Z # l l ~ < d ' - l } ~  T(I), 
viz. the ( m -  l)-st level o f  T is embedded into the lth level o f  T. there exists an infinite 
subset W~[~o]" and a real number  c > 0  such that  ]l(x)f')S(n)[>ad "-~-~ for every 
n~ W, every l t<d  ''-~ and .r(l(=t,)7) T(I+ 1). 

Apply corollary 3.8 to each l(x)~-IS in order to obtain an infinite subset 
W"~[o)] ' ' ,  an e * > 0 ,  an I~>l and for each x~( j{ l (z~ , )OT(l+l) l~l<d " - l }  an 
element z(x),Cl(x)(' iS(l *) such that 

il(y)l"lS(n)] > e* d , , - t ' - t  

for every ),C.l(z(x))Cl T(I*+ 1), x~ ( J{ l ( : , , ) / - )T ( /+ l ) l l ,<d" -~}  and ,,C W*. 
These elements : (x)  then can serve as the ruth level o f  T. 1 

4. Counterexamples 

Proof of Theorem 2.4. Consider the binary tree 2<% viz. elements are finite 0 - l  
sequences and (cq, . . . . .  %,-0~([~0 . . . .  , [~,-0 iff (% . . . . .  % - 0  is an initial segment of  
(/3o . . . . .  /-¢,,-0, i.e. m<_n and ~,.=/'~v for every v < m .  

For  c > 0  let the sequence (n~)i<,., be defined as follows: 

(i) n, ,  = I 

(ii) n~+i is the minimal integer larger than n~ satisfying 

2 " , + , - / - t +  2"v " ~ > Z2" , .  -v-1. 
v=O v = 0  

For  a sequence (% . . . . .  ~,,,_1)~.2 .... . we denote by I*(% . . . . .  c%_ 0 the minimal index 
i such that  ~ ;=0 ,  let Ft(~0 . . . . .  :t,,, 0 - ~  if no such i exists. Let 
T = {(% . . . .  , %, l)c.2 <' '  I for every index m >./>n,,~ .............. ~ it follows that %-=0}, 
i.e. basically T contains all sequences a( i )=( l  . . . . .  1, 0) and their predecessors, 

""7"-- 
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level n o 
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.. : . . . . . . . . . . . . . + ; . . / / ,  . . , . . / . ,  . / ; / ( . q  
S 

F i g .  1 

the successors of  a(i) in T are branching twice untd level ni is reached, then they 
are prolonged by chains. Consider  also Figure 1. 

Let S = { ( % ,  .... 0%,_l)ETlrn=>/h+,,(=o ..... ...... }}. Then [T(k)()S]IT(k)[ :e, for every k ~ 0  

by proper ty  (ii) o f  the sequence (n~)i<,o. Note  that  S is upwards  closed, thus its 
complement  T \ S  has density at least ( l - e )  and contains precisely one infinite 
chain, viz. 0, (1), (1, 1), ( l ,  1, 1) . . . . .  Particularly T \ S  does not contain any 
strongly embedded  subtree of  T. | 

P roof  of Theorem 2.5. For  s > 0  let the sequence (n~)~<,,~ satisfy - - < ~ ,  where 
i = 0  t i t  

the his  are positive integers. Let T be the semi-regular  finitistic tree consisting o f  all 
finite integer sequences (~o . . . . .  ~ .... t) such that  (I-<_:q<n~ for every i<co, viz. 
T =  U jr/hi- As before (~o . . . . .  %-1)<--(3o . . . . .  f t , - 0  iff (~o . . . . .  ~,,,-~) is an 

k < c ~  j < k  

initial segment  of  (flo . . . . .  / ~ m - - 1 ) '  Let S =  {(:% . . . . .  ~ , , , -0ETI there exists an index 
i<m such that  ~ = 0 } .  Then 

k - 1  i - - I ,  k I / 

lr(k>,>sl ,=oZ ,,=of• <,,,-1) , , ,  ) ~ l 1 
- -  ~ - - ' < : 8  

IT(I<)I k-1 - i=o nl 
H n~ 

i = 0  

for every k ~ 0 .  Obviously then T \ S  has density at least 1 - ~  and does not contain 
any strongly embedded  subtree of  T. | 
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5. Concluding remarks 

Using a compactness argument, e.g. K6nig's  lemma, yields a finite version of 
Theorem 2.3. Let us denote by, T~ the tree consisting of the first n levels of  the tiM- 
tistic regular tree where all elements have degree d. 

Theorem 5.1. L e t  e > 0  be  a real number amt let d, m be positice integers. Then there 
exists a positive integer n such that Jor every subset S C- T]' with 

] T~( k) ~ S] 

ITS(k)[ 
> c .[or every k < n 

there exi,¢ts a strongly embe&led T,7'-subtree which is contained in S. 

The general version of the Halpern--L~iuchli partition theorem says: 

Theorem 5.2. ([4], [5]) Let (Ti)i<q be a finite sequence o f  finitistic trees and let 

a - i ;  ]-lT~(k)-..r 
k ~: (~) i -,- q 

be an r-coloring oJ the product oj the levels oJ" these trees where q and r are positive 
integers. Then there exist strongly embedded subtrees ~c= Ti ' i-<q, which all ha're 
the same level-assignment function, such that the restriction 

Aq LJ [ [  L(k) 
k < ~ o  i < q  

is a constant coloring. 

Recall that  Theorem 2.3 is a density version of Theorem 5.2 for the particular 
case where q =  1 and Tis regular, moreover the examples 2.4 and 2.5 show that regu- 
larity is a somewhat  necessary assumption. We could not prove a density version of  
Theorem 5.2 for larger q's, but we would like to state this as a conjecture, viz. 
Conjecture 5.3. Let (Ti)i<q be a sequence of finitistic regular trees and let 

s u II 
k < v~ i < q 

be a set of  positive upper density, i.e. 

i( f l  s 1 
lira sup '<q 

,-oo I.t~ T,(k)l 
t - :  q 

> 0 ,  

then there exist strongly embedded subtrees Ti~= Ti, i<q,  which all have the same 
level-assignment function, such that 

L,I [ /Y , (k )  c S. 
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