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This paper investigates to what extent, the Milliken partition theorem for finitistic trees is a
density result.

1. Introduction

In recent years several results appeared showing that certain partition (Ram-
sey-type) theorems are rather density phenomena than merely partition theorems. Let
us mention e.g. Szemerédi’s result on arithmetic progressions [8], Fiirstenberg’s
and Katznelson’s generalization of it [3]. the geometric density theorem of Brown and
Buhler [1] and R3dI’s result on points in power-set lattices [6] (generalizing former
results of Erdés and Kleitman [2] and Sperner [7]). Of course not every partition theo-
rem admits a density version, e.g. Turdn’s extremal theorem on triangle free graphs
shows that all nontrivial cases of Ramsey’s theorem have no generalization to a den-
sity result.

In this note we investigate to what extent density results for finitistic trees may
be obtained. Surprisingly it turns out that although the general case is not a density
phenomenon, certain special cases can be obtained as density results.

2. Results

A tree is a partially ordered set (7, =) such that for every element x€T the
set {y€T|y<x} of predecessors of x is totally ordered. The cardinality |{y€ T|y<x}'
1s called the rank of x, for nonnegative integers k we denote by T(k) the kth level of 7,
ie. T(ky={x€T|rank (x)=k}. A finitistic tree is a tree with a least element, which
is called the root of T, such that all elements have finite rank and such that each level
1 a finite set. Obviously for each element x in a finitistic tree the set of immediate
successors is a finite set, the cardinality of this set is called the degree of x. A finitistic
tree is regular if all elements have the same degree.
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A subset TS T is a strongly embedded subtree (with respect to the order in-
duced from T) iff

(1) allinfima in 7, resp. in T coincide, i.e. inf; (x, 3)=infy (x, ) for all x, yeT,
viz. T is infimum preserving,

(2) all degrees in T, resp. in T coincide, i.e. degs (x)=degy (x) for every x€T,
viz. T is degree preservmg,

3) T is level preserving, ie. ranky (x)=ranks (1) iff rank, (x)=ranky ()
for all x, yveT.

Condition 3 implies that for each strongly embedded subtree Tof T there can be de-
fined a strictly ascending mapping f° w—w, viz. the level-assignment function, by
letting f(k)=1/ iff rank; (x)=/ for every YT with ranks (x)=k.

As usual, @ (the first infinite ordinal) denotes the set of all nonnegative inte-
gers. For infinite subsets 4 Zw we denote by [4]” the set of all infinite subsets of 4.
Now the simplest case of the Laver—Pincus—Milliken version of the Halpern—
Lauchli partition theorem says:

Theorem 2.1. ([4], [5]) Let T be a finitistic tree and let r be a positive integer. Then for
every coloring AA: T—r there exists a strongly embedded subtree TS T such that the
restriction AT is a constant coloring.

Here we prove a density version of this result for regular finitistic trees and
show that in some sense this is best possible.

Definition 2.2. Let 7 be a finitistic tree. A subset SC T has positive upper density iff

lim su M>O
et TR ‘

Particularly for totally ordered trees (i.e. T=w) positive upper density simply means
that Sis infinite, thus this notion of positive upper density is considerably weaker than
requiring e.g.

\U T(k)NS|
lim sup j—(k)l = 0.

Theorem 2.3. Let T be a regular finitistic tree and let SS T be a set of positive upper

density. Then there exists a strongly embedded subtree TS T which is contained in
S, ie. TCS.

The following counterexamples show that in a sense regularity is a necessary
condition for theorem 2.3:

Theorem 2.4. Let e¢=0 be a real number. Then there exists a finitistic tree T such
that every element of T has degree one or two and there exists a subset ST T such
that

ITK)S]

>1—¢ forevery k=0,
TR Jor every
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but there does not exist any strongly embedded subtree TS T which is contained in S,
i.e. such that TCS.

Theorem 2.5. Ler ¢>0 be a real number. Then there exists a finitistic tree T such
that T is semi-regular in the sense that every two elements of same rank always have
same degree and there exists a subset SST such that

|Tlg{<()kr;ls‘ -~ 1—¢ _/OI‘ cuery k=0,

but there does not exist any strongly embedded subtree TS T which is contained in S,
i.e. such that TCS.

3. Proof of the positive result

For the remainder of this section let T denote a regular finitistic tree. For
elements x¢T let I(x)={pcT|x=y} be the set of successors of x. Analogously
IX)=J{I(x)lxe X} for subsets XCT. For any subset SE7T and nonnegative
integer n, let S(m)=SNT(n).

Lemma 3.1. Let T be a regular finitistic tree, let m=n be nonnegative integers and let
x. y€T(m) be elements of rank m, then |[(X)VTR)=I()NT(n)|=d"~™, where
d is the common degree of the elements in T.

Proof. Obvious. |

Lemma 3.2, Ler SE T be a subset of positive upper density. Then there exists an
£=0 and an infinite subset We[w]® such that

|S(n)| = ed" for every neW.
Proof. Obvious from definition 2.2.
Lemma 3.3. Let m<n be nonnegative integers and letr S(m)S T(m) such that
[S(m)| = ed™.
Then
|](S(m)) N T(n)' = gd".
Proof. Obvious from regularity. §

Lemma 34. Let SST, Welw]® and let £=0. Then there exists a positive integer
m=im(e, W, S) such that

ISEONU{I(S (k= m})]

for every n€W with m<n.

lIA

Sd"

Proof. Assume to the contrary that for every m there exists an ¢ W such that
ISNUAI(S () k = m}| = ed"

5*
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Then there exists a strictly increasing sequence mi,<my< ... of positive integers in

W such that
IS (m NS (R k = m,-}1 > gd™i+1
for every i<w. By lemma 3.3. this leads eventually to a contradiction, viz. consider
any =@ B
Lemma 3.5. Let SCST, Welw]© and let €, 6=0 be such that
[S(M)| = (¢+0)d" for every neW.
Then there exists a positive integer [=m(d, W, S), an element a€S(I) and an in-
Jinite set W*E[W1® such that
[I{@)NS(n)| = ed"™*  for every neW™.
Proof. Let AC{J{S(k)|k=m(d, W, S)} be a maximal antichain. Then
[H(ANS| = 2 | {a)1S(m)] for every n=>m(d,W,S)

adé A
as any two different elements of A are incomparable and T(n) N {(A)=J{{(S(k))N
NTmk=m(3, W, S)} for every n=m(d, W, S) because 4 is maximal.
By the pigeon-hole principle there exists an infinite subset W*¢[W]® and
an element a€4 satisfying the requirements of the lemma. Otherwise it would fol-
low that

[HANSm)| =ed”
for infinitely many n€ W, contradicting the choice of m(s, W, S). |
Corollary 3.6. Ler ST T be aset of positive upper density. Then there exists a strongly

embedded subtree TS T such that
(N root TS and

(2 S=SNT has positive upper density with respect to T, i.e.
. [T(n)yN S|
limsup —-— = 0.
S0

R->oo

The next lemma provides the tools for constructing strongly embedded subtrees
recursively:

Lemma 3.7. Let SCT be with root TES, Welwl” and let ¢>0 be such that
|S(n)| = ed” for every neWw.

Then there exists a nonnegative integer I, an element ac S(l) and an infinite subset
W*e[W1® such that
) NS()| = (e/4)dm~'

for every ne W* and every x€I(@NT(+1) (ie. for every immediate successor x of

a).

Proof. Assume to the contrary that the assertion is false. We construct recursively
a sequence (/, z;, ¥});., of nonnegative integers /;, elements z,€S(;) and infinite
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subsets Y;€[W]® such that '
1(z) NS ()] = (Ml]g g,

d—1

for every i<w and ncY;. Eventually this leads to a contradiction, viz. consider any

i= —(log 8)(log #]_1

Put /,=0, zz=root T and Y,=W. Assume that (/;, z;, ¥;) already has been
constructed. As the assertion of the lemma is supposed to be false, there exists an
element x€/(z))NT(;+1) and an infinite subset Y¢[Y;]* such that

H(x)S )| = (e/4)d" 41 for every ncy.

, thus proving the lemma.

Then
“(2‘)“(”)\”)‘)'>[d,/(lm] dn=ti— 2 et

e

> (]—(l/Z)J’ ( _ ]] € Jn—1;—1
*[( a—t eV
for every neY.

Thus there exists an element z€/(z,)NVT(/;+1) and an infinite subset Y’ €[Y]®

such that
i d—(l/z)]‘“‘" o
[E(z)NS ()] = [(—d_l 8—}-4(0,_1.) dn-t—1

for every ncY’. Finally by lemma 3.5 there exists an /;,,>/;, an element z; €
€l(z)NS(;4,) and an infinite subset ¥,,,€[Y’]® such that

i+1
ns) = (U2 g,

for every n€Y, ;. B

Corollary 3.8. Let SST, We[w]® and let ¢=0 be such that  |S(n)|=ed" for every
n€EW. Then there exists an infinite subset W*E[W1? and for every ¢ W* there
exists an element z)€ S(I) and an &=0 such that ]I(\)ﬁS(n)|>£,d” ~t=t for every
HEW™ with n=1 and for every xcl(z)MT({+1).

Proof. By corollary 3.6 we can assume that root 7¢S. Put Y,=W,[_,=—1 and
£_y=¢.

Assume that for some nonnegative integer i the set Y, ([W]°, integers [,
elements z;, and reals &, >0 for v=i have been defined in such a way that

(N lh=h<..<l_;<min Y,
2 S50

3) |l(\)ﬁS(n)|>.s d"=h='  for every XEN )T, +1)  and  for every
ne{llv=p<i)y,.
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Let [, z,€S(/). &=0 and Y;,,€[V]” be according to lemma 3.7 for ¢ .Y,
and S. Obviously properties (1), (2) and (3) are satisfied again. Finally W*= {[i1<w}
has the desired properties. |}

Now corollary 3.8 is used in order to construct a strongly embedded subtree which is
contained in § recursively.

Proof of Theorem 2.3. Let ST T be a set of positive upper density. According to
lemma 3.2 and lemma 3.7 there exists a nonnegative integer /, an element z€ S(/),
an infinite subset We[w]® and an ¢=0 such that

H()NS)] = e dr=1-1

for every n€ W and every x€/(z)(N1T(/+1). The element z will serve as the root of
the strongly embedded subtree T that we are going to construct.

By induction we can assume that | {T(k)]l\ <m} has been constructed satis-
fying the following additional properties: Say that Tm—-D={z Wu=d" S T(),
viz. the (m— 1)-st level of T is embedded into the /th level of T, there exists dﬂ infinite
subset We[w]® and a real number ¢=0 such that |[I(x)NS(n)|=ed" "'~ for every
ne W, every pu=<d™"' and x€l(z)NT({+1)

Apply corollary 3.8 to each /{(x)MS in order to obtain an infinite subset
Wic[w]®., an £"=0, an /*>/ and for each x¢|J{(z)NT{+Dp<d™'} an
element z(NET(X)NS(I™) such that

TOHYNS()] = o d" "1
for every yel (z())NTU"+1), xel )OI+ Dju<d™ '} and ne W™
These elements z(x) then can serve as the mth level of 7. §
4. Counterexamples

Proof of Theorem 2.4. Consider the binary tree 2<¢, viz. elements are finite 0—1

sequences and (a(, oo AV EBoys ooy fu) 1T (2, ..., &, ) 1s an initial segment of
(Bos -os Pu_y), 8. m=n and a,=f, for every v<in.

For >0 let the sequence (1,);.,, be defined as follows:
(i) 1= 1

(i)  n;,q 1s the minimal integer larger than »; satisfying

i i
8(211”_1—1'41_}_ Z 211\,7\'71] — 2211\_—v—1_

v v=f

For a sequence (2, ..., %,-1)€2<°, we denote by u(x,, ..., «,_,) the minimal index
isuch that =,=0, let u(x,, .... %,_;)=> if no such / exists. Let
= {(2y, ... %, 1)E2° | for every index m>j\n‘,(1“ oy 1t follows that o; =0},

i.e. basically T contains all sequences a(i)=(l, . 0) and their predecessors,
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level ny

the successors of a(i) in T are branching twice until level n; is reached, then they
are prolonged by chains. Consider also Figure 1.
|T (k)N S|

Let S={(oty, ... 0 )ETIM=011 1 (s, . }. Then W

by property (i1) of the sequence (nf)iq}. Note that S is upwards closed, thus its
complement 7™\ S has density at least (I —¢) and contains precisely one infinite
chain, viz. 0, (1), (1, D, (1,1, 1), .... Particularly T\ S does not contain any
strongly embedded subtree of 7. |

<¢ for every k=0

Ty 1)

A |
Proof of Theorem 2.5, For £¢=0 let the sequence (n;); ., satisty 5’—<£, where
10
the n;’s are positive integers. Let T be the semi-regular finitistic tree con51stmg of all
flmte integer sequences (o, ..., %,,_,) such that O=«;<n; for every i<w, viz.

T=J [[n. As before (g, ..., 2, )=(f. . _ﬁ,,_l) iff (otys ooty _q) 1S an

k<w j<k
initial segment of (B, .... B_1). Let S={(%, .... %, )€T| there exists an index
i<m such that #,=0}. Then

k=1 i-1 -1
TS| = [,[_7 (n;— ,J,Zl”’] ok
TET Eane

for every k=0. Obviously then 7™\ S has density at least | —e and does not contain
any strongly embedded subtree of T. |}
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5. Concluding remarks

Using a compactness argument, e.g. Konig’s lemma, yields a finite version of
Theorem 2.3. Let us denote by T3 the tree consisting of the first # levels of the fini-
tistic regular tree where all elements have degree d.

Theorem 5.1. Lei ¢=0 be a real number and let d, m be positice integers. Then there
exists a positive integer n such that for every subset SS T} with

%?Tm =g forevery k—<n
d

there exists a strongly embedded TJ-subtree which is conrained in S.

The general version of the Halpern—L&uchli partition theorem says:

Theorem 5.2. ([4], [S]) Let (Ty);., be a finite sequence of finitistic trees and let

A1) JITik) —r
d

k-2 i -y

be an r-coloring of the product of the levels of these trees, where g and v are positive

integers. Then there exist strongly embedded subtrees TS T;, i<q, which all have

= t

the same level-assignment function, such that the restriction

A7 U T Tk

k=<cwi-=yg
is a constant coloring.

Recall that Theorem 2.3 is a density version of Theorem 5.2 for the particular
case where g=1 and T 1s regular, moreover the examples 2.4 and 2.5 show that regu-
larity is a somewhat necessary assumption. We could not prove a density version of
Theorem 5.2 for larger ¢’s, but we would like to state this as a conjecture, viz.
Conjecture 5.3. Let (7}),., be a sequence of finitistic regular trees and let

SES U [Tk

komi-g

be a set of positive upper density, i.e.

([T Titk) N S|
lim sup —=

4q -~ 0,
A FRTS!
i-q

then there exist strongly embedded subtrees 7;< T;, i<g, which all have the same
Jevel-assignment function, such that

U I Tk S 5.

k=wi<yg
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